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ON EXISTENCE OF PERIODIC SOLUTIONS OF THE KDV TYPE
EQUATION
T. M. IMANALIEV1, §
Abstract. We prove the existence of the periodic solutions of the KDV type of equation
with respect to time variable with periodic external force. Using the integral substitution
we reduce the original equation to the integral equation. The existence of the unique
solution of the equation is proved by the fixed point theorem. Thus we show that the
solitons are periodic in time as well as in space dimension.
Keywords: Periodic solution, KDV type equation, nonlinear integral equation, contrac-
tive operator.
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1. Introduction
In this paper we investigate the properties of Korteweg-de Vries type equation with
the external force. We show that the solitary wave under effect of the periodic force
becomes periodic. We investigated ”inhomogeneous” KDV type equations in [1]- [4]. In
that paper the equation is reduced to the system of integral equations. The method of
solving was named as the Additional Argument Method. We noticed that there is no much
investigations on equations with the right hand side terms. This paper is a part of the
research on this topic.
2. Main results
We investigate the properties of the solutions of KDV type equations of the form
ut(t, x) + u(t, x)ux(t, x) + uxxx(t, x) = f(t, x, u(t, x)), (1)
with the known functionf(t, x, u) ∈ C[R+, R, R], f(t, x, u) = f(t + T, x, u), T=const,
‖f(t, x, u)‖ = sup
0≤t≤T,
−∞<x,u<∞
|f(t, x, u)| ≤ M = const,











e(w2+s2+1)T − 1 Q(ν, s)dsdwdν (2)
with the new unknown function Q(t, x) ∈ C[R+, R, R],Q(t + T, x) = Q(t, x).
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Theorem 1. If f(t, x, u) is periodic then for the certain ball R equation (1) possess unique
periodic solution with respect to t.
We prove the theorem in the form of Lemmas
Lemma 1. Function (2) is periodic with respect to t.
Proof. Indeed










e(w2+s2+1)T − 1 Q(ν, s)dsdwdν. (3)
Using the substitution ν = T + ρ we obtain from (3),










e(w2+s2+1)T − 1 Q(ν, ρ)dρdwdν ≡ u(t, x). (4)
¤
To define the unknown function Q(t, x) we substitute (2) in (1). Differentiation with










e−(w2+s2+1)(t−t−T ) − 1
]









e−iw(x−s)−(w2+s2+1)(t−ν)(w2 + s2 + 1)
e(w2+s2+1)T − 1 Q(ν, s)dsdwdν (5)








e−iw(x−s)−(w2+s2+1)(t−ν)(w2 + s2 + 1)
e(w2+s2+1)T − 1 Q(ν, s)dsdwdν.
































e(w2+s2+1)T − 1 iwQ(ν, s)dsdwdν.
Adding right and left hand sides of (5), (6) and (7) taking into account (1), we obtain
ut(t, x) + uux(t, x) + uxxx(t, x) = f(t, x, u)








e−iw(x−s)−(w2+s2+1)(t−ν)(w2 + s2 + 1)
e(w2+s2+1)T − 1 Q(ν, s)dsdwdν






























e(w2+s2+1)T − 1 iwQ(ν, s)dsdwdν.
To define the unknown periodic function Q(t, x), we have the following nonlinear integral
equation























e−iw(x−s)−(w2+s2+1)(t−ν)(w2 + s2 + 1)




















e(w2+s2+1)T − 1 iwQ(ν, s)dsdwdν.
Lemma 2. The function Q(t, x) is periodic Q(t + T, x) = Q(t, x).
Proof. Direct substitution gives us
Q(t+T, x) = f
(





















e−iw(x−s)−(w2+s2+1)(t+T−ν)(1 + w2 + s2 − iw3)




















e(w2+s2+1)T − 1 iwQ(ν, s)dsdwdν.
Applying the substitution ν = T + s we obtain from (10) the following























e−iw(x−s)−(w2+s2+1)(t−ρ)(1 + w2 + s2 − iw3)











e(w2+s2+1)T − 1 Q(ρ, s)dsdwdρ









e(w2+s2+1)T − 1 iwQ(ρ, s)dsdwdρ = Q(t, x).
¤
Lemma 3. The equation (9) possess periodic solution if
f(t, x, u) ∈ Lip{G0 {0 ≤ t ≤ T,−∞ < x, u < ∞}},
‖f(t, x, u2)− f(t, x, u1)‖ ≤ N ‖u2 − u1‖
[








Proof. Consider the space of continuous functions C {Q(t, x)} with the norm
‖Q(t, x)−G(t, x)‖ = sup
0≤t≤T
−∞<x<∞
|Q(t, x)−G(t, x)| .
The right hand side of equation (9) we consider as operator H [Q] : G0 → G0.
We have














e(w2+s2+1)T − 1 Q(ν, s)dsdwdν
)











∣∣e−iw(x−s)∣∣ e−(w2+s2+1)(t−ν)(|w|3 + w2 + s2 + 1)




















e(w2+s2+1)T − 1 |w| ‖Q(ν, s)‖ dsdwdν



















e−(w2+s2+1)T (|w|3 + w2 + s2 + 1)




















1− e−(w2+s2+1)T |w| dsdwdν ‖Q(ν, s)‖
2
































































































































R = R; R = 2M.(N + 3)e−T + 2Me−T ≤ 1
2
;
Thus, the operator H [Q] mapps the points of the ball with the radius R=2M onto the
same ball. We now show that the operator H [Q] is the contractive operator. Indeed






































∣∣e−iw(x−s)∣∣ e−(w2+s2+1)(t−ν)(|w|3 + w2 + s2 + 1)




























































e−(w2+s2+1)T (|w|3 + w2 + s2 + 1)


















































































Thus we proved that operator H [Q] is contractive. Therefore nonlinear integral equa-
tion (9) has the unique periodic solution Q(t, x), and
‖Q(t, x)‖ ≤ R = 2M ;
¤
Hence we proved that the equation (1) also has the unique periodic solution with
‖u(t, x)‖ ≤ R = 2M ;
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